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1. Let (xn) be a bounded sequence of real numbers and let s 2 R. Show that limxn  s
if and only if for any " > 0, there is an N 2 N such that xn < s+ " for all n � N .

2. Show the following using both the closed and bounded definition of a compact set
and the open cover definition of a compact set:

(a) if A is non-empty and compact, then supA exists and supA 2 A;

(b) if A is compact and if B ⇢ A is closed, then B is compact. Hint: the comple-

ment of a closed set is open.

3. (Cantor’s Intersection Theorem) Prove the following generalization of the Nested
Interval Theorem for compact sets: Suppose {Kn}1n=1 is a sequence of nested non-

empty compact subsets of R. Then
1T
n=1

Kn 6= ;.
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1. Let (xn) be a bounded sequence of real numbers and let s 2 R. Show that limxn  s
if and only if for any " > 0, there is an N 2 N such that xn < s+ " for all n � N .

limups ehe
infSupEx334

So by property of inf , F2xO ,
ENEN

,
S .t. SNXmS +2.

Since sup
is an urb.

,
thismeans XRCStE forall KEN.

E : Suppose for give 270,
EN st . XStE forall k>N.

So Ste is an u .b . of the set EX : k,N3 . By sup , have

SNX < St 3 ·

SoSpX is lb . of the set Este : 2703

So tuliy inf on both sides gives

inf sup Ina
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2. Show the following using both the closed and bounded definition of a compact set
and the open cover definition of a compact set:

(a) if A is non-empty and compact, then supA exists and supA 2 A;

(b) if A is compact and if B ⇢ A is closed, then B is compact. Hint: the comple-

ment of a closed set is open.

Ef : a) .
Closed and bounded : A ept, so it is bod , So

supA exists . WTS supAEA.&

We'll show that supl is a limit pt . ofA
let 20 . Then EGEA ,

set.
-

supA-E. as < SupA +E.
#

IsupA-azk <E.
it

. supl is a lit pt . of A .
Then Since A is closed,

SupH EA .

open cover : Aisept off of SiSiet is an opencover of A,
Exi
, ..., in set

. Wi
, ...,
Kip cover A

First need to show that A is beld .
Let EUiSits bean open

come ofA . Then bycptress , A Wor
.

k= 1

Then in particular. Ais beld from below by min Ui .- , Kin?
siionly for bold alone . SoA is bold, and supA exist

Remains toshow SupAEA . Sps supAEA.
Then consider the open sets Un= -5

, supH-in).



EUnYneN cover A:EN Un =EN 60, supA-n)
= (-3

, supA) . 3 A.
Since A is ept, there are K

, . . . , RN Sit.

N

ACU-, supA-
By restedness, we have supA

A = -1, supH-mask-kn3)
But this contradicts suprem ofA/,



b) Closedadbanded : Since BEA
,
Bis bod . Bis closed by

usscerphon, so Bis ept.

open cover : Let Elifies be an open cover of B.

⑳A
theEuanperc
Note : BC is open bK. Bis closed.

Then

Since A is opt . A admits a finite subcone,

As Kiv ... Kin uBa

BE WU -
-

- Ullin
.

so Bisept/.



MATH2058 Tutorial 5 4

3. (Cantor’s Intersection Theorem) Prove the following generalization of the Nested
Interval Theorem for compact sets: Suppose {Kn}1n=1 is a sequence of nested non-

empty compact subsets of R. Then
1T
n=1

Kn 6= ;.

K, Ky:KnKnt-
Pf : closed andbanded: Said each Kn is beld ,

and

non-empty , Xn : = supkn exist . Also, Since KnBKnt,
Xut) &Xn ·

also Xn is contained in K ,
so EXn] is a bdd . seg.

So by MCT , X-=Mix exist. .

wis Xe Kn for all n.

By 22a , XuKn·for eachn .
And by nested

Xutkn for each kin.

So fora fixed , the sequence Em :k>13 isacourgent
sequence entirely in Kn , so XeKu .

I


